We study a Lie algebra of formal vector fields W n with its application to the perturbative deformed holomorphic symplectic structure in the A-model, and a Calabi-Yau manifold with boundaries in the B-model. A relevant concept in the vertex operator algebra and the BRST cohomology is that of the elliptic genera (the one-loop string partition function). We show that the elliptic genera can be written in terms of spectral functions of the hyperbolic three-geometry (which inherits the cohomology structure of BRST-like operator). We show that equivalence classes of deformations are described by a Hochschild cohomology theory of the DG-algebra A = (A, Q), Q = ∂ + ∂ deform , which is defined to be the cohomology of (−1) n Q + d Hoch . Here ∂ is the initial non-deformed BRST operator while ∂ deform is the deformed part whose algebra is a Lie algebra of linear vector fields gl n . We discuss the identification of the harmonic structure (HT • (X); HΩ • (X)) of affine space X and the group Ext n X (O △ , O △ ) (the HKR isomorphism), and bulk-boundary deformation pairing. 
Introduction
Two-dimensional topological field theories have been actively studied (especially in connection with mirror symmetry), however these theories are much more nontrivial and more interesting when can be defined for deformed holomorphic symplectic structure of the cotangent bundle (the A-model) and a Calabi-Yau manifold with boundaries (the B-model). Recall that original topological field model in arbitrary dimension has been analyzed by M. Atiyah [1] and this theory did not allow for boundaries (but it allowed for defects of higher codimension, Wilson loops in Chern-Simons theory, for example). Non-trivial variety of boundary conditions which could be associated with topological branes in the B-model has been introduced by E. Witten [2] . 1 In this paper we study (perturbative) deformations of complex structure for topological sigma models. There are strong reasons to study these models. A generalization of topological field theories is most conveniently formulated in the language of category theory. In twodimensional case the structures are provided by A-and B-models associated to Calabi-Yau manifolds [2, 5] (to Calabi-Yau A ∞ categories [6, 7] for more abstract cases). The topological A-and B-twist respectively capture the symplectic and holomorphic structure on the target Calabi-Yau manifold. Mirror symmetry interchanges the topological A-model on the half of a mirror pair with the B-model on the other. Homological mirror symmetry formulated by M. Kontsevich [8] postulates a quasi-equivalence between certain A ∞ -categories related to the A-and B-model. Indeed, to the A-model one associates the Fukaya category (some yet unknown generalizations thereof), and to the B-model one associates the bounded derived category of coherent sheaves. A mathematical reason to study topological field theory is its path intergal analysis which suggests the Fukaya-Floer category of boundary conditions in the A-model, and deformation quantization and the derived category of coherent sheaves on a complex manifold in the B-model.
A brief summary of the results of the paper is the following. We study a Lie algebra of formal vector fields W n 2 with it application to the deformed BRST operator. We consider the infinite-dimensional Lie algebra W n ⋉G⊗P n , i.e. a semidirect sum of algebra W n extended by product of Lie algebra G (related to the initial non-deformed BRST operator ∂) and formal power series P n of n compex variables z 1 , . . . , z n . The infinite-dimensional Lie algebra W n ⋉ G ⊗ P n contains a small Lie subalgebra gl n ⊕ G, which consists of linear vector fields and G-valued fields. The cochain complex of a Lie algebra W n ⋉G⊗P n is isomorphic to the quotient of Weyl algebra of gl n ⊕ G by (2n + 1)-st term of standard filtration. There are morphisms between filtered complexes and spectral sequences of these two Lie algebras. These subtleties have the effect of realizing spectral sequences directly in BRST cohomology of the operator Q = ∂ + ∂ deform (Lie algebra of the operator ∂ deform is gl n ). Q satisfies the condition Q 2 = 0 and we show that on the bigraded vector space C
• (A) the Hochschild cohomology of an associative algebra A is defined to be the cohomology of (−1) n (∂ + ∂ deform ) + d Hoch . We also discuss the identification of the harmonic structure (HT • (X); HΩ • (X)) of (affine) space X and the group Ext n X (O △ , O △ ) (the Hochschild-Kostant-Rosenberg isomorphism (HKR)) and bulk-boundary deformation pairing. This paper is outlined as follows. In Section 2 we analyze two-categories of topolgical sigmamodels and deformations of holomorphic symplectic structures in the A-model, and descent procedure of deformations of boundary conditions in the B-model. In that section we mainly follow the lines of [12, 13] . We discuss Lie algebras of formal vector fields in Section 3 and then, in Section 4, we describe tensor modules and invariants of Lie algebra W n ⋉ G ⊗ P n , its Lie subalgrebra gl n , and truncated Weyl algebras. Filtrations on cochain complexes and morphisms of filtered complexes are analyzed in Section 5, and then in Section 6 we discuss the BRST cohomology and characteristic classes of foliations with its connection to the Charn polynomials (and elliptic genera). We show that the final result can be written in terms of spectral functions of the hyperbolic three-geometry associated with q-series. The Hochschild cochain complex and deformations are studied in Section 7. Finally deformation pairing, algebra deformations and a bulk-boundary operator product expansion (OPE) are analyzed in Section 8. In the appendixes A, B and C we deduce the useful information on Lie algebra cohomology, spectral sequences, sheaves and categories, and the HKR isomorphism.
2 Two-categories of sigma-models and their deformations
The general case. In this Section we will mostly follow [12, 13] in the reproduction of necessary results. Let X = (X, s) be a pair in which X is a real manifold and s is a geometric structure on X (such as a complex structure or a symplectic structure). Let Σ be a real N-dimensional manifold. A topological sigma-model with world-volume Σ and a target space X is a quantum field theory based on a path integral (the measure on the space of maps Σ → X is dertermined by the structure s). As X varies, one obtains an N-category with useful features, where the X component of X serves as a target space for a topological sigma model. For the definition of categories see Appendix B.
Recall that the category C, associated with pair (X, s), has a symmetric monoidal structure related to the cartesian product of manifolds: C × C → C, (X 1 , s 1 ) × (X 2 , s 2 ) = (X 1 × X 2 , s 1 × s 2 ), with the natural structure s 1 × s 2 on X 1 × X 2 . This monoidal structure has a unit element X pt = (X pt , s pt ), where s pt is the corresponding trivial structure of the manifold consisting of a single point X pt . It is clear that X pt × X = X . Define a (N − 1)-category of morphisms C := Hom C (X pt , X ). In quantum field theory this categogy is known as the category of boundary conditions of the topological sigma-model associated with X . The category C has a contravariant duality functor C ♦ → C, (X, s) ♦ = (X, s ♦ ), such that there is a canonical equivalence between (N − 1)-categories of morphisms: Hom C (X 1 , X 2 ) = Hom C (X pt , X . This equivalence implies that an object E 12 ∈ Hom C (X 1 , X 2 ) determines a functor between (N −1)-categories F [E 12 ] : C X 1 → C X 2 , which represents a composition of morphisms within C. Moreover, a composition of morphisms of C corresponds to the composition of functors, so the structure of the N-category C is determined by the boundary condition categories C X and the functors.
The differential Gerstenhaber algebra and deformations of the complex structure. For the further discussion we need the differential Gerstenhaber algebra G(X) which gives rise to a Kuranishi deformation theory [14, 15] for any complex structure. Let R be a ring with unit and let A be an R-algebra. Suppose that a = ⊕ n∈Z a n is a graded algebra over A. If a ∈ a n , let |a| denote its degree. The algebra a is called a Gerstenhaber algebra [16, 17] if there is an associative product ∧ and a graded commutative product [− • −] satisfying the following axioms: for a ∈ a |a| , b ∈ a |b| , c ∈ a |c| ,
Note that a differential graded algebra a is a graded algebra with a graded commutative product ∧ and a differential d of degree +1, i.e. a map d : a → a such that
Let a be a graded algebra over k such that (a, [− • −], ∧) forms a Gerstenhaber algebra and (a, ∧, d) forms a differential graded algebra. If in addition
Let X be a compact Kähler manifold with the Kähler form ω; in physics, the mathematical setting is restricted to D-branes on Calabi-Yau manifolds. Let us consider the decomposi-
where T ∨ X is a cotangent bundle, g and g * are complex Lie subalgebras of the complexified algebra g C . The differential Gerstenhaber algebra (Ω • E ∨ , ∂ E ∨ ) is elliptic and it gives rise to a Kuranishi deformation theory for any generalized complex structure [18] . The space of infinitesimal deformations of complex structures on X is given by the direct sum of the L −1 s -valued Dolbeault cohomology groups [18, 19] :
where
s denotes the dual of the standard canonical line bundle of the complex manifold (X, s), and where we emphasize ∂ cohomology by the subscript ∂. The spaces of infinitesimal deformations of complex structures are:
The space H The space of the obstructions given by
As it follows from Eqs. (4) and (5) the space H
is the space of infinitesimal deformations of complex structures in Kodaira-Spencer theory.
Remark 2.1 Recall that the general Kodaira-Spencer theory identifies as the key to the deformation theory the sheaf cohomolgy group H 1 (X, O), where O is the sheaf of germs of sections of the holomorphic tangent bundle. Some results on infinitisimal deformations of complex structure are:
(i) The base of the Kuranishi family lies in
(ii) The image of the obstruction map lies in
(iii) In the deformation theory any deformation has three components (ξ 0 , ξ 1 , ξ 2 ), namely
The component ξ 0 ∈ C ∞ (Ω 2 T ∨ X) is a type of deformation for complex manifolds for which the integrability condition is simply that
This condition is satisfied if and only if the bivector ξ 0 is holomorphic and Poisson. The component ξ 1 is a deformation of the complex structure. The component ξ 2 is a complex B-field action.
The A-model and deformations of holomorphic symplectic structures
Let C be a (N = 2)-category. For the A-model the structure s is a symplectic structure (that is, s is a symplectic form on X), the category of boundary conditions C X is the Fukaya-Floer category F (X ), its simplest objects being lagrangian submanifolds of X, the action of the duality functor is s ♦ = −s, and the functor F [E 12 ] is the lagrangian correspondence functor determined by a lagrangian submanifold
Deformations of holomorphic symplectic structure which preserve the de Rham cohomology class of ω 3 are parameterized up to gauge equivalence by Maurer-Cartan elements of the differential Poisson algebra P(X, ω). The differential Poisson algebra P(X, ω) of a holomorphic symplectic manifold (X, ω) is defined as the algebra Ω 0,q (X) of (0, q)-forms on X with the differential ∂ and with Poisson bracket {, } coming from ω. Let X = T ∨ Y , where Y is a complex manifold, then we may consider a simpler version of this algebra, which we denote as P T ∨ Y : it is the algebra of
, where S i is the symmetric algebra (and its differential is ∂). There is a natural injection
which turns an element of Ω 0,q (Y, S i T Y ) into a (0, q) differential form on T ∨ Y having a polynomial dependence on fiber coordinates and restricting to zero on all fibers. The bracket of P T ∨ (Y ) is a well-defined restriction of the Poisson bracket of Ω 0,q (T ∨ Y ), so the injection (7) becomes an injection of differential Poisson algebras
If an element ζ ∈ Ω 0,1 (X) ⊂ G(X) (the differential Gerstenhaber algebra) satisfies the Maurer-Cartan equation, then the corresponding deformation of the complex structure of X is described by the Beltrami differential µ = ω −1 (∂ζ), that is, the (0, 1) part of the deformed Dolbeault differential is
where denotes contraction on the holomorphic indices and exterior product on the antiholomorphic ones. The symplectic form ω is replaced by ω → ω + dζ, so that it remains of type (2, 0) relative to the new complex structure. In the formula (8) we defined
Perturbative deformations. First let us consider the general case. Let the deforma-tion of (X, ω) be perturbative, that is, if ζ is a formal power series
then the Maurer-Cartan equation says that the leading coefficient ζ 1 must be ∂-closed, and its gauge equivalence class is determined by its Dolbeault cohomology class ζ 1 ∈ Hom 1 ∂ (X), while the relation ∂ζ 2 + (1/2){ζ 1 , ζ 1 } = 0 implies the integrability condition for ζ 1 : { ζ 1 , ζ 1 } = 0. Now let us consider deformations of the holomorphic symplectic structure of a cotangent bundle. As before X = T ∨ Y , we restrict ourselves to Maurer-Cartan elements ζ belonging to the subalgebra P T ∨ (Y ) ֒→ P(T ∨ Y ). Following [13] we consider only the deformations which do not deform the complex structure of the zero section Y 0 ⊂ T ∨ Y , and we impose the condition µ| Y 0 = 0 on the Beltrami differential µ = ω −1 (∂ζ). Note that this condition is satisfied if ζ is at least quadratic as a function of holomorphic coordinates on fibers of
The first two terms in this sum satisfy the equations ∂ζ 2 = 0, ∂ζ 3 + (1/2){ζ 2 , ζ 2 } = 0. As a result ζ 2 is ∂-closed, and its gauge equivalence class is determined by the Dolbeault cohomology class that it represents:
or, rather, a formal power series on the total space of T ∨ Y . Denote this function by the same letter ζ. The evaluation of ζ on a section of T ∨ Y gives a map ζ :
. Let us consider a perturbative deformation (9) . The generating function becomes a formal power series
Then the complex structure is deformed by the Beltrami differential (see for detail [13] )
The B-model and the descent procedure of deformations
For the B-model X is a Calabi-Yau manifold, s is its complex structure, the category of boundary conditions C X is the bounded derived category of coherent sheaves D b coh (X ) (see Appendix B), its simplest objects being complexes of holomorphic vector bundles on X, the duality functor acts trivially: s ♦ = s, and the functor F [E 12 ] is the Fourier-Mukai transform corresponding to the object E 12 . Note that all suitable enough functors between the derived category of quasicoherent sheaves on two varieties, X 1 and X 2 , are given by Fourier-Mukai transforms. Let E is an object in D b coh (X 1 × X 2 ). Given any object D ∈ D(X 1 ) define the integral transform with kernel E to be the functor (or morphism)
It gives action of monodromy on the derived category [20] . The projection maps from X 1 ×X 2 to its first and second factors is:
where π X 1 and π X 2 are the projections from X 1 × X 2 to X 1 and X 2 respectively.
The descent procedure. A systematic way to construct deformations of boundary conditions is the descent procedure [2] . If O is an even (bosonic) local observable on the boundary then its descendants
Then in forming the topological family the generalized action becomes
, where γ is a formal parameter. Because of the definition of O (2) it follows that the modified action is BRST-invariant up to terms proportional to equations of motion. It is clear that local topological observables on the boundary are of the same (0, q)-form as in the bulk. An element of space of infinitisemal deformations can be represented by a ∂-closed inhomogeneous form W of even degree. Thus the corresponding observable can be thought of as an even function W (φ, η) of bosonic variables φ i , φ i and fermionic variables η i , it satisfying
Next the descendans of W have to be constructed. Note that on the quantum level one requires X to be a Calabi-Yau manifold, i.e. one requires the existence of a holomorphic volume form on X. The volume form is used to write down a BRST-invariant measure on the space of bosonic and fermionic zero modes (see, for example, [12] ).
Let W be a holomorphic function on a manifold X. One can deform the B-model with target X by modifying the transformation law for fermionic fields and adding to the action a new 4 The following functors can be applied [20] : (i) Lπ * X -take the complex to be a complex of locally-free sheaves or, equivalently, vector bundles. π * X is then the usual pull-back map on vector bundles. (ii) L ⊗ Ethe complex must be a complex of locally-free sheaves; ⊗ is the usual tensor product of sheaves. Acting on complexes, ⊗ produces a double complex which can be collapsed back to a single complex in the usual way. (iii) Rπ X , * -the complex must be a complex of injective objects. π X , * is then the push-forward map for sheaves.
term which is related to this deformation (see, for detail, [12] , section Appendix B). This model can be called the Landau-Ginzburg model with target X and superpotential W . The algebra of topological observables for the Landau-Ginzburg model is the hypercohomology of the complex
where the differential is contraction with the holomorphic 1-form −∂W . Let X be a contractible open subset of C n and assume that the critical points of W are isolated, then the hypercohomology of this complex is the Jacobi algebra H 0 (X, O X )/A ∂W where A ∂W is the ideal generated by partial derivatives of W . This construction can be generalized by replacing W with an inhomogeneous even ∂-closed form on X. This generalization is called the curved B-model. 5 It can be thought of as a generalization of the Landau-Ginzburg deformation of the B-model [12] .
Consider a local observable W (φ, η) representing an even element of ⊕ p H p (O X ). Then one can determine its descendants W (j) and their BRST transformations. More generally, for a non-vanishing form which is a trivial class in ∂-cohomology, one can restore BRST-invariance at some order by writing W (ε) = j W (j) ε j (where typically ε j is of order j ). Finally the total action has to be BRST-invariant. As a result we can get the curved B-model which is Z 2 -graded like the Landau-Ginzburg model. Also the algebra of observables in the curved B-model is computed in essentially the same way as in the Landau-Ginzburg model. Indeed, the algebra of observables is the cohomology of a certain differential δ Q in the space of (0, q) forms with values in polyvector fields of type (p, 0). This differential is given by
If X is compact and Kähler, then one can always find a form in the cohomology class of W which is ∂-closed. For such X the differential δ Q reduces to ∂, and the algebra of topological observables is the same as in the ordinary B-model.
Lie algebras of formal vector fields
Suppose that the even function W (φ, η) has the form of formal power series in fields. This situation has been discussed in Section 2 for the two dimensional sigma-model (perturbative deformations of the holomorphic symplectic structure for the A-model, Eqs. (9), (10) , and the descent procedure of deformations of boundary conditions for the B-model, Eq. (15)).
A systematic way to study deformations is to consider the space of vector fields associated with the deformed BRST operator and its topological algebra.
Lie algebras W G n ⋉ G ⊗ P n . At more basic level let us consider the infinite-dimensional Lie algebra W G n ⋉ G ⊗ P n , i.e. a semidirect sum of the algebra W G n extended by the product of the algebra G (related to the operator ∂) and the formal power series P n of n variables. These algebras are interpreted as follows:
• The Lie algebra W G n is associated with the deformed part of the BRST operator and it is slightly different from the traditional infinite-dimensional Lie algebra of formal vector fields W n . Its elements in "coordinates" can be written in the form
where F i is a power series in z 1 , . . . , z n whose coefficients are elements of the proper algebra G of alternating holomorphic forms. Thus when taking the commutator for such "vector fields" this fact should be kept in mind.
• The elements of the algebra G correspond to the initial BRST operator
A commutator of two elements has the form
where v, u ∈ W G n , g i ∈ G, p i ∈ P n and i ∈ {1, 2} . In the following we will concentrate on the cohomology of Lie algebras W n . The corresponding theory is similar to the cohomology of Lie algebras W G n , and the reader will have no difficulty in recovering results for the case of W G n . The Lie algebra W n ⋉ G ⊗ P n contains a Lie subalgebra which is isomorphic to the direct sum gl n ⊕ G. This subalgebra consists of linear vector fields and fixed G-valued constant fields
Remark 3.1 Recall that if A is a general field of zero characteristic then a vector field can be writen in coordinate form α =
] is a ring of formal power series on A n . Thus an action on functions is determed by means of differentia-
The space of formal vector fields in A n with the projective limit topology is a topological Lie algebra with respect to the commutation operation of two vector fields α = n i=1 v i ∂/∂z i and β = n i=1 u i ∂/∂z i . In coordinate representation it has the standard form
and {v i } n i=1 denote formal power series in z 1 , ..., z n . This topological algebra denoted by W n [22] . 6 The algebra W n itself has no ideals, i.e. it is simple; it may be interpreted as the algebra of ∞-jets of smooth vector fields on R n .
The subalgebra of the algebra W n , consisting of the vector fields i v i ∂/∂z i , for which
belong to the (k + 1)-st power of the maximal ideal of the ring of formal power series, where
∂/∂z i , of the algebra of formal vector fields W n . This algebra is simple, but itself an ideal of codimension one in the algebra S n , consisting of vector fields with constant divergence. The formula a ij → a ij z i ∂/∂z j determines the canonical inclusion gl n → L 0 ⊂ W n . The composition of this inclusion yields the canonical isomorphism
Invariants of truncated Weyl algebras
Define a DG-algebra W
• (gl n ) as a factor algebra of the Weyl algebra W • (gl n ) (see Appendix 9.3) over (2n + 1)-term of standard filtration F
• in it. The following result holds:
There is the homomorphism
The quotient complex W • (gl n ) is usually known as the truncated Weyl algebra. The homomorphism (21) induces an isomorphism in cohomology.
The proof of this statement uses a spectral sequence associated with filtration
Note that this latter spectral sequence satisfies Eq. (117) of the Appendix A (see also Eq. (120)). The homomorphism (21) is compatible with the filtration (22) and with the Hochschild-Serre filtration in complex C • (W n ), so that we obtain a homomorphism of one spectral sequence to another. This homomorhism establishes an isomorphism between the terms EW 2 and even between the parts EW 0,q 2 , EW p,0 2 of these terms.
Tensor modules and the gl n invariants
We concentrate on gl n tensor modules and it invariants.
7 Denote by V a tautological ndimensional gl n -representation. Following [22] denote the elements of space V by letters α while the elements of dual space V ′ by letters β, µ. Then a tensor from the space
The space Inv T k ℓ with both subscript ℓ and superscript k = ℓ is generated by tensors c σ =
gln is generated by traces, i.e. functionals of the kind c σ (
where σ is an element of symmetric group S k . If k ≤ n, then the elements c σ are linear independent. If k = n + 1 then there is the unique relation
If k ≥ n + 1 then all relations are algebraic consequences of the relation (23).
Thus using the above notation one can consider the elements of space
7 The main example of a gl n moduleis is the space A n of column-vectors V on which matricies act by left multiplication. Note also the one-dimensional module E λ , where λ ∈ A. The structure of the module is determed by the formula ga = −λ(Tr g)a, where Tr denotes trace. It is clear that ′ and with Hom(V ⊗· · ·⊗V, V ⊗· · ·⊗V ), the tensor c σ becomes, respectively, the functional and the homomorphism described by the formulas
as the linear function of set of variables:
The elements of the space T p,q as function of variables (α, β, µ) are subject to certain symmetry conditions. Namely, a tensor has to be symmetric with respect to variables β with identical lower index, and it must change the sign under the following permutations:
(i) Permutation of two α's in the first line of (25) 
(ii) Permutation of group of variables of the second line of (25) (which are separated by a punctuation mark " ; "), i.e. the permutation β
(iii) Permutation of similar groups in the third line of (25): permutation of the group β
Lie algebras
The relative cochain complex of the Lie algebra W n ⋉ G ⊗ P n with respect to the Lie subalgebra gl n coincides with the factor-algebra of the relative Weyl algebra over module of the same Lie subalgebra gl n , W
Let us analyze the structure of k-cochains of relative cochain complex. Recall that qdimensional cochain of the algebra g with coefficients in A is a skew-symmetric q-linear functional on g with values in A. The space of all such cochains is C q (g; A) = Hom(Λ q g; A) and this representation transforms
, where h is a subalgebra of the Lie algebra g and A is an arbitrary h-module, we have
Consider the structure of gl n -representations in formal functions and vector fields. The algebra W n contains gl n as a subalgebra, and therefore it is a gl n -module. For every k the vector fields F k ∂/∂z k constitute a submodule of this module. It is clear that this submodule is isomorphic to S k V ′ ⊗ V . Thus we have
where the notation means a direct sum enlarged with respect to the formal power series. Recall that SV = ⊕S j V denotes the symmetric algebra of a A-module. In the case of extended Lie algebra W n ⋉ G ⊗ P n we have
The space of k th cochains can be represented as a sum of invariants in tensor products
The ring of invariants [T p,q ] gln (Eq. (24)) is generated by trace
The elements Ψ r are given by
where we assume that τ (0) = τ (r). We refer the reader to the paper [24] where gl n -invariants involve linear and constant G-valued functions. Here we restrict ourselves to the final result.
Relative cochains complex has the form:
(32) It can be checked that differentials in the cochain complex and in the Weyl factor-algebra W
• (gl n ⊕ G, gl n ) are identical; this completes the proof of Lemma 4.1.
Morphisms of filtered complexes
The algebra W • (gl n ⊕ G) has filtration from Weyl algebra. The following main statement asserts the structure of a cohomology ring of the Lie algebra gl n ⊕G: The filtered DG-algebra F
• W • (gl n ⊕G) is quasiconformal to cochain complex of Lie algebra W n ⋉G⊗P n with constant coefficients and Hochshild-Serre filtration with respect to Lie subalgebra gl n ⊕ G.
In terms of spectral sequences this statement can be reformulated as follows. Let h be a subalgebra of a Lie algebra g. Choose an h-module direct sum decomposition of g, g = h ⊕ g/h, and let π denote both the corresponding projection of g onto h and onto g/h. By analogy with Leray-Serre filtration (Eqs. (107), (108)), one can introduce filtration Φ
• on a cochain complex of Lie algebra g. The projection π assigns morphism of filtered DG-algebras
There is a morphism of corresponding spectral sequences and in particular their first terms are:
If h, g are the Lie algebras of compact Lie groups H, G, then such a morphism is a particular case of the Chern-Weyl homomrphism for H-fibering G H → G/H, with the following difference: the deRham complexes have to be substituted for cohomological complexes of left invariant forms. Now let us ascertain an expansion of (gl n ⊕ G)-modules
Consider a diagram of morphisms of filtered complexes [24] 
Here α has been constructed from α as it has been discussed above (formula (33)). The corresponding diagram of spectral sequences takes the form
Spectral sequences in the lower line of diagram (37) coincide beginning from the first term.
BRST cohomology, characteristic classes of foliations and characters
The sheaf cohomology group H p (X, Λ q T X) associated with (0, q) forms on space X with values in Λ q T X (the q th exterior power of the holomorphic tangent bundle of X), consists of solutions of ∂V = 0 modulo V → V + ∂S for an object
which is called the vertex operator.
Recall that for the topological field theory the transformation laws in terms of BRST operator Q can be expressed as δW = −{Q, W } for any field W ; in addition Q 2 = 0. Standard arguments using the Q invariance show that the correlation function {Q, W } = 0 for any W . It is also true that {Q, O a } = 0 for some BRST invariant operators O a . As before (see Eq. (14)) the local variables are η¯i ∈ Γ(φ
The BRST transformation (for bosonic and fermionic fields) is nilpotent, δ 2 Q = 0, and is a derivation of the algebra generated by fields and their derivatives. There is a natural map V → O V from ⊕ p,q H p (X, Λ q T X) to the BRST cohomology (see also Section 9.2). Therefore the BRST cohomology is isomorphic to the Dolbeault cohomology, and on the classical level the BRST operator acts as Dolbeault operator. The explanation can be found in a book by Nakanishi and Ojima [25] about the mutual relations among gauge and BRST transformations, BRST cohomology with its implementing BRST operator (or BRST charge) and their roles in determining the physical contents of the theory.
A relevant concept in the vertex operator algebra and the BRST cohomology is that of elliptic genus. Elliptic genera are natural topological invariants, which generalize the classical genera. They appear when one considers supersymmetric indices of the superconformal vertex algebras (SCVA). For mathematicians, elliptic genera (and the respective elliptic cohomology) may be associated to new mathematical invariants for spaces, while for physicists elliptic genera are the one-loop string partition functions. In many applications, when the space X is a Calabi-Yau manifold, there is an N = 2 SCFT associated to X, with the two twists leading to the A-model and B-model, respectively. This has been discussed over the years in an impressive number of papers. The mathematical formalization of these concepts has also existed for some time. A sheaf of the topological vertex algebras for any Calabi-Yau manifold has been constructed in [26] , where the theory involved is the A-model. A different approach based on standard techniques in differential geometry has been developed in [27] , where the holomorphic vector bundles of the N = 2 SCVA on a complex manifold X and the ∂ operator on such bundles have been used. For a holomorphic vector bundle E on X and a formal variable z we use the following identities
These identities have good multiplicative properties and its elements should be understood as elements of the K-theory of the underlying space.
In Eqs. (43), (44) we have used the fact that
In the case of a line bundle L, we have
, and therefore (S q E) −1 = Λ −q E for any vector bundle E, and similarly (Λ q E)
Let us note some well known examples of the vertex operator algebra bundles which have been used in the literature to study the elliptic genus and the Witten genus. If X is a Riemannian manifold, then the transition functions of the complex tangent bundle T C X lie in the special orthogonal group SO(d), where d is the dimension of X. 
bundle where L(1, 0) is the level one module for the affine algebra D
d/2 . In this case we assume that d is even. If X is further assumed to be a spin manifold, we denote the spin bundle by S.
The prototypes for the elliptic genera are the expressions (see for detail [28] ):
Characteristic classes of foliations. As before let us suppose that g is a Lie algebra (in the following we shall assume that g is a subalgebra of the Lie algebra W n ). By a g-structure on a smooth manifold X we mean, following the lines of the Bernstein-Rosenfeld article [34] , a smooth one-form ω on X with values in g, satisfying the Maurier-Cartan equation
The latter means that for any vector fields ξ 1 , ξ 2 on X, dω(ξ 1 , ξ 2 ) = −[ω(ξ 1 ), ω(ξ 2 )]. As before, let us consider the pair (H, G) of Lie groups. It follow that the pair (H, G) with a discrete quotient group (NormH)/H) corresponds the inclusion g → W n , where n = dim G/H, while the quotient space G/H possesses a canonical g-structure (see for detail [22] ). Combining this g-structure and the above inclusion one can obtain a W nstructure on G/Γ, where Γ is a discrete subgroup of the group G, and this is precisely the W n -structure wich corresponds to the foliation F(G, H, Γ). Thus the homomorphism
Char :
splits up into the composition of homomorphisms
of which the first has nothing to do with Γ and is induced by the inclusion g → W n , while the second has nothing to do with H and corresponds to the canonical g-structure on G/Γ.
For the canonical g-structure on G/Γ characteristic classes are determined by the canonical homomorphism
. Suppose that the algebra g is unitary (i.e. H n (g) = 0)
9 and the quotient space G/Γ is compact, then this homomorphism is a monomorphism [22] . If the group G is semisimple, then the algebra g is unitary and G has a discrete subgroup Γ with compact G/Γ. If the group G is semisimple, then for an appropriately choosen group Γ the kernel of the homomorphism H
• (W n ) −→ H • (G/Γ; R) coincides with the kernel of the homomorphism
In general the second kernel in Eq. (50) is contained in the first one.
The Lefschetz formula and the Chern polynomials. The purpose of this section is to establish the Lefschetz fixed point formula (which counts the number of fixed points of a continuous mapping from a compact topological space to itself) with its connection to the Chern polynomials. Recall that the vertex operator algebras can be constructed from the highest weight representations of infinite dimensional Lie algebras. The characters of (integrable) highest weight modules can be identified with the holomorphic parts of the partition functions (elliptic genera) on the torus for the corresponding conformal field theories. All these structures arise naturally, but not exclusively, in string theory, and are particularly clear and treatable when supersymmetry is involved.
Let X be a compact complex manifold and let G be a Lie group acting on X by biholomorphic maps. Let g be a generator of G. Furthermore, let π : E → X be a holomorphic vector 9 If the algebra g is determined by means of the structural constants c bundle which admits a G-action compatible with the G-action on X. Let G be a compact Lie group, then a characteristic class G can be defined as a functor which assigns to every principal G-bundle P a cohomology class of X = P/G. The set of all characteristic classes forms a ring H * G (A) where the coefficient ring A has to be specify. For example, let G = T be a torus, and T * a character group (or Pontryagin dual) of T . Let
] is the ring for formal power series in x 1 , · · · , x n .
For the complex vector bundle N g one can construct a decomposition N g = N g (θ), where
is the sub-bundle on which g acts as exp(iθ), and [29] ch
Here
. Thus each U θ r is a polynomial with complex coefficients in the Chern classes, and
Taking the product over all θ, we get
where det
Finally, let X be a compact complex manifold and E a holomorphic vector bundle over X. Suppose that G is a finite group of automorphisms of the pair (X, E). For any g ∈ G, let X g denote the fixed point set of g, and let, as before, N g = N g (θ) denote the (complex) normal bundle of X g decomposed according to the eigenvalues exp(iθ) of g. Let U θ denote the characteristic class. Then (combinning the Lefschetz theorem with the Riemann-Roch theorem) one gets [29] (−1)
In Eq. (54) Td(X g ) is the Todd class. Formally, the Todd class and the dual Todd class are Td = n j=1 (x j /(1−e −x j )) and Td * = n j=1 (−x j /(1−e x j )) respectively. If E * is the dual to E then Td(E) = Td(E * ). In particular, for the complexification of a real bundle, E = E R C, E ∼ = E * , and thus Td(E) = Td * (E). The functor E → Td(E R C) defines a characteristic class of O(n), and the image of Td in the homomorphism H *
. This class is called the index class. If y 1 , · · · , y m are the basic characters for the maximal torus of O(n) (m = [n/2]), then Td(E) = Td(E R C), where Td = (−y j /(1 − e y j )) (y j /(1 − e −y j ).
In the Todd class Td the formal Chern roots {x j } n j=1 of T X are defined by c(T X) = j (1 + x j ). Then for n∈Z + S q n ((T X) C ) the resulting Chern character takes the form ch(
where q = exp(2πiτ ), t = Reτ /Imτ and ξ j = x j /2πi.
Remark 6.1 One of the important features of the theory of infinite dimensional Lie algebras is the modular properties of characters of certain representations. The Chern polynomials (and elliptic genera) can be converted into product expressions which inherits modular and cohomology properties (in sence of characteristic classes, Eq. (50))) of appropriate (polygraded) Lie algebras. The final result can be written in terms of spectral functions of the hyperbolic three-geometry associated with q-series. The spectral Patterson-Selberg and Ruelle functions, Z Γ (s) and R(s) respectively, can be attached to a closed oriented hyperbolic three-manifolds X = H 3 /Γ (with acyclic orthogonal representation of π 1 (X)) as follows [30, 28] :
In many applications the quantum generating functions of the topological field theories can be reproduced in terms of spectral functions of Selberg type. Therefore, the role of the unimodular group SL(2; C) and of the modular group SL(2; Z) constitute a clear manifestation of the remarkable link that exists between all the above and hyperbolic three-geometry.
7 The Hochschild cochain complex and deformations
Lie algebra cohomology
Let gl n (A) be the Lie algebra of n × n matrices with coefficients in A. 10 In fact it is the tensor product M n (C) ⊗ A of the algebra of n × n matrices with A, considered as a Lie algebra. It contains the Lie subalgebra M n (C) ⊗ 1 1. Define the cochain Φ n ∈ C k (gl n ) by the formula
The homomorphism induced by the standard inclusion gl n−1 → gl n sends Φ n into Φ n−1 . The cochain Φ n is a cocycle [22] . Denote the cohomology class of the cocycle Φ n by ϕ n . The tensor product in connection with algebra gl n (A) becomes M n (C)⊗A. There are chain maps
where τ is the Hochschild cochain which is a sp 2n (C)-invariant cocycle in the normalized Hochschild complex
⊗2n [31] . These maps are compatible with the inclusion ι n ′ n : gl n → gl n ′ , n < n ′ obtained by embedding an n × n matrix in the first rows and columns of an n ′ × n ′ matrix and completing with zeros. Indeed ι n ′ n induces a restriction map ι * n ′ n on complexes and one has ϕ n = ι * n ′ n • ϕ n ′ . Recall that SV = ⊕S j V denote the symmetric algebra of a A-module V , and by composing ϕ n with the dual of the homomorphism of gl n (A)-modules (compare with relations in Theorem 4.2) one gets
where the product on the left side is the product in the symmetric algebra of the vector space Sgl n (A), while the product on the right side is the associative product of M n (C) ⊗ A. Extensions of ϕ n to a chain map for all j ≥ 1 are
The Hochschild cohomology
Recall the definition of the Hochschild cohomology. Let A be an associative algebra over C. The Hochschild cochain complex with coefficients in A is the sequence of vector spaces 10 Cohomology of Lie algebra gl n (A) with coefficients in finite representation A coinsides with cohomology gl n with coefficients in invariants of actions of gl n on A [22] a j a j+1 , a j+2 , . . . , a n )
where d 2 Hoch = 0. The cohomology of d Hoch in degree n will be denoted HH n (A) ≡ HH n (A, A),
and is called the Hochschild cohomology of A with coefficients in A. Suppose that A is a Z-graded algebra and A p is a degree-p component of A, such that A p · A q ⊂ A p+q . We say that element f of C n (A) has an internal degree p if f (a 1 , . . . , a n ) ∈ A p+k 1 +···+kn , a i ∈ A k i . The vector space C n (A) is graded by the internal degree, and the total degree of an element has the form C ⋆ (A) = ⊕ n C n (A). The Hochschild complex is graded by the total degree, and the Hochschild differential can be expressed in the form
a·f a 1 f (a 2 , . . . , a n )
. . , a j−1 , a j a j+1 , a j+2 , . . . , a n )
Now let A = (A, Q) be a DG-algebra. The degree-1 derivation Q as a map Q : A p → A p+1 satisfies Q 2 = 0, and is given by (Qf )(a 1 , . . . , a n ) = Q(f (a 1 , . . . , a n ))
. . , a n ). (66) Each two-cocycle (Qf )(a 1 , a 2 ) in (66) defines an infinitesimal deformation of the associative product on A. Indeed, define a new product by α • β = αβ + t(Qf )(α, β), t ∈ C; then it will be associative of linear order in t iff (Qf ) = 0. Trivial infinitesimal deformations which lead to an isomorphic algebra are classified by two-coboundaries (i.e. two-cocycles of the form (Qf )τ for some one-cochain τ (α)).
Thus HH 2 (A) classifies nontrivial deformations of the associative algebra structure on A. A similar interpretation can be given to the Hochschild cohomology HH
• (A): it classifies infinitesimal deformations of A in the class of A ∞ algebras (associative algebras being a very special case of A ∞ algebras).
The maps (62) induce maps ϕ n k,j on cohomology 11 :
Also there is an isomorphism of cohomology rings of reduced relative Weyl algebra and relative cochain complex of infinite dimensional Lie algebra W n ⋉ G ⊗ P n over module of any Lie subalgebra
. Note that the isomorphism [α] does not depend on the choice of connection form α. Thus we assume that the modified action of a topological model is BRST-invariant and the deformed BRST charge is Q = ∂ + ∂ deform , where the operator ∂ deform is a linear vector field. Its Lie algebra is gl n and the elements of this algebra in coordinates z 1 , . . . , z n is given in Eq. 
being the standard commutative product on polynomial) which associated with the If A is the algebra of differential operators (or the polynomial Weyl algebra), then ϕ n k,j is an isomorphism for all 0 ≤ k ≤ n and j ≥ 1. In particular,
for k = 2ℓ (for k < 2ℓ these cohomology groups are trivial).
One can generalize this statement for the case of perturbative deformations (see also [33] ). If there exists in the theory a single D-brane then all the information associated with deformations is encoded in an associative algebra A equipped with a differential Q = ∂ + ∂ deform . Equivalence classes of deformations of these data are described by a Hochschild cohomology of (A, Q), an important geometric invariant of the (anti)holomorphic structure on X.
Deformation pairing
The harmonic structure. Suppose that X is a smooth manifold of dimension n over C. The vector space structure of the harmonic structure (HT i (X); HΩ i (X)) of X is defined as
These vector spaces carry the same structures as (HH i (X); HH i (X)), namely: HT i (X) is a ring, with multiplication induced by the exterior product on polyvector fields; HΩ i (X) is a module over HT i (X), via contraction of polyvector fields with forms. It follows that (compare with results of Section 2):
• HH 2 (X) contains H 1 (X, T X), the space of infinitesimal complex structure deformations.
• H 0 (X, Λ 2 T X) is a global bivector, giving rise to a noncommutative deformation.
12
• The group H 2 (X, O) is a Gerbry deformation (see also Eq. (6)).
For a smooth proper variety X (dim C X = n) we will use the following notation:
-The diagonal embedding △ : X ֒→ X × X = X 2 , K X is the canonical bundle of X.
-D b (C) is equivalent to the full subcategory of D(C) consisting of objects X such that H n (X) = 0 for |n| ≫ 0.
-S X = K X is the dualizing object of D b coh (X), also thought to be as the Serre functor 
The identification
p+q=n H p (X, Λ q T X) with the group Ext
is given by the HKR isomorphism (see Appendix C) between these two groups,
The reader can recognize this result as the space of closed string states in the B-model.
Algebra deformations.
The HKR theorem states that for a commutative algebra A,
, where Der(A) is the space of derivations of A. There is a map from A to Der(A) which gives rise to an exact sequence of algebra homomorphisms
where m is the map
The equivalent statement is:
, where Spec(A) is the set of all proper prime ideals of A. 13 Since any variety can be covered by affine patches, one can think of the HKR theorem as a globalization of this result.
Let us consider a geometrical interpretation of the Hochschild cohomology. One can regard an associative algebra A as the algebra of functions on an affine scheme X = Spec(A). Then consider A⊗A, its spectrum Spec(A⊗A) = X 2 , and the diagonal △ ⊂ X 2 .
One can analyze open-string spectrum of △ (i.e. the endomorphism algebra); it turns out that the resulting algebra of physical open-string states is precisely the Hochschild cohomology of A. Indeed, the Hochschild cohomology of A is HH i (A) = Ext i A⊗A (A, A) ; it is the endomorphism algebra of A regarded as an object of the derived category of modules over A ⊗ A. Remark 8.1 If A is noncommutative, then A is not a module over A ⊗ A, but it is a module over A ⊗ A op , where A op is the opposite algebra of A. Thus we will have the more general case: HH i (A) = Ext A⊗A op (A, A) for which we need to compute the endomorphisms of △ in D b (X 2 ). That is, one has to take a projective resolution of A regarded as a module over A ⊗ A op , apply to it the operation Hom A⊗A op (−, A), and evaluate the cohomology of the resulting complex of vector spaces. The main point is that for any algebra A with a unit there is a canonical resolution of A by free A ⊗ A op modules:
Each term in this complex is a bimodule over A, which is the same as a module over A ⊗ A op . Then if we use this resolution to compute Ext i (A, A), we get the Hochschild complex.
For an affine space X we have the following diagram
In the case of the B-model a bulk-boundary OPE would be a pairing
It is natural to conjecture that such a mathematical pairing realizes some bulk-boundary OPE above under deformation of the BRST operator. Perhaps any mathematical (or geometrical ) deformations of a sheaf match physical deformations of the corresponding branes in the sigma model.
In the special case that the sheaves are bundles on X, so that the Ext groups reduce to sheaf cohomology on X, represented by differential forms, the mathematical pairing reduces to a wedge product of differential forms, similar to the Yoneda pairing in such circumstances, and the bulk-bulk OPE in all circumstances. This bulk-boundary pairing is defined as follows:
-First, we must define a map
X (E, E) that maps bulk states (in the presence of deformations) to states defined on the boundary.
-Then, we use the Yoneda pairing Ext
For the first map we need to identify HH i (X) (and therefore H i (gl n (A); S j gl n (A) * )) with the group Ext i X 2 (O ∆ , O ∆ ), see Eq. (69). Then we need define a pairing on HΩ i (X) which is a modification of the usual pairing of forms given by cup product and integration on X. Given the morphism above, we can define the desired bulk-boundary map. Note that a Fourier-Mukai transform with kernel O ∆ maps E to E, and with kernel O ∆ [n] maps E to E[n]. A bulk state identified via the morphism above as an element of Ext
. Finally a map between the kernels of two Fourier-Mukai transforms defines a map E → E[i] between the image of a given object (E), and the bulk state µ defines an element of Hom 9 Appendix A: Expository remarks on Lie algebra cohomology
Fix a Lie algebra g and a vector space A over a field F . In general both g and A could be infinite dimensional. Given representation π : g → gl(A) of g on A we recall the definition of the n th -dimensional cohomology H n (g; A) of g with coefficients in A (for n ≥ 0 an integer).
The space of n-dimensional cochains Λ n (g; A) is define as follows. Λ 0 (g; A) def = A, and for n ≥ 1, Λ n (g; A) is the space of n-linear maps f :
Assuming that the characteristic of F is not 2 (say F = R or C) these alternating maps are the same as skew-symmetric maps. We have a linear map δ n :
. For example
is given by
Then by direct calculation, δ 1 δ 0 = 0, δ 2 δ 1 = 0. In general one can prove that δ n+1 δ n : Λ n (g; A) → Λ n+2 (g; A) is zero map.
We set
are called n-coboundaries, n-cocycles, respectively (with coefficients in A). In particular for A = g, with π = ad g = the adjoint representation of g on g (i.e. π(x) = ad x : g → g, with ad x (y) def = [x, y]) the group H 2 (g, g) classifies the infinitesimal deformations of g (up to equivalence), by a result due to M. Gerstenhaber [44, 45, 46] .
Examples
The Witt algebra. Let g = the complexified Lie algebra of polynomial vector fields on the circle S 1 : g = W = the Witt algebra spanned (as a vector space) by
Then it is due to Gelfand-Fuks [48] that H 2 (g; C) = C. In fact one can
, where the factor 1/12 (the value of the Riemann zeta function at -1) is only a convenient normalization. A deeper (deformation) result is due to A. Fialowski [49] , which shows that g is rigid, infinitesimally and formally:
The Virasoro algebra. Using the cocycle ω above, one constructs the Virasoro algebra g = Vir as a central extension of W . That is, one constructs an exact sequence of Lie algebras
with A abelian ∋ [A, g] = 0. Namely take A = 1-dimensional vector space Cz, and Vir
The deformation result for W also holds for Vir [47] : Vir is infinitesimally and formally rigid: H 2 (Vir, Vir) = 0. Note that by formula (76),
Complex semisimple Lie algebra. Let g be a complex semisimple Lie algebra which is finite dimensional. Let h be a Cartan subalgebra of g, h * = Hom(h, C), W the Weyl group of (g, h), and for a choice of positive root system △ + of (g, h) let δ = (1/2) α∈△ + α. For
C λ be the corresponding Verma module of g, where b ⊃ h is a Borel subalgebra of g and where
is the universal enveloping algebra of a Lie algebra b. The representation π of g on M(λ) is given by π(x)(u⊗z) def = xu⊗z for (x, u, z) ∈ g×U(g)×C. The cohomology groups H n (g; M(λ)) were computed by F. Williams [50] :
• H n (g, M(λ)) = 0, ∀n ≥ 0 , unless λ = ωδ − δ for some (necessarily unique) ω ∈ W , in which case H n (g, M(λ)) = Λ dim g−n−(length of ω) h .
Lie algebra homology and spectral sequences
It is of interest to compute also the Lie algebra homology H n (g, M(λ)). More generally if g is any Lie algebra and π : g → gl(A) is a representation of g on A then one has the following relation H n (g; A) * = H n (g; A * ) where the representation of g on A * = Hom(A, C) is the
Since g here is arbitrary we can now take g to be an (infinite dimensional) Kac-Moody Lie algebra g(A) associated to a symmetrizable generalized ℓ × ℓ Cartan matrix A = [a ij ]. Thus the a ij are intergers with a ij = 2, a ij ≤ 0 for i = j, and for some diaginal matrix D with ℓ positive rational entries DA is a symmetric matrix. Using ideas similar to those developed in [50] , C. Sen [51] and S. Kumar [52] , independently, obtain the following result which is dual to that in complex semisimple Lie algebra example, for a Cartan subalgebra h of g:
• H n (g, M(λ)) = 0, ∀n ≥ 0 , unless λ = wδ − δ for some (necessarily unique) w ∈ W , in which case H n (g, M(λ)) = Λ n−(length of w) h .
When g(A) = g in the case of a finite dimensional complex semisimple Lie algebra (see above), this result reduces to that in [50] . Spectral sequence of a filtered complex. Let C = {C n , d n } n∈Z be a cochain complex of abelian groups C n ,
is the zero map and H n (C)
We suppose that such a filtration exists ∀ n ∈ Z. Definition 9.3 We define abelian groups
Then B 
Regularity. To connect this spectral sequence with the computation of cohomology we assume that the filtration is regular: ∀ n ∃ an integer s(n) ∋ F p C n = 0 for p > s(n). In some cases in practice one can take s(n) = n. We also assume the exhaustive condition:
One has Theorem 9.1 The following isomorphisms hold:
Conditions (A), (B) mean that the spectral sequence collapses at r.
Spectral sequence of a double complex. A double complex is a family of abelian groups {C p,q } p,q∈Z with homomorphisms 14 :
One constructs a cochain complex
There are two decreasing filtrations of C n , ∀n ∈ Z :
Theorem 9.2 These filtrations therefore generate two spectral sequences (j) E p,q r , j = 1, 2, whose initial terms are computed as follows:
(1) E p,q 2 ≃ Ker ∂/Im ∂, where
is the quotient map induced by ∂; i.e. ∂(x + ∂C p,q−1 )
is the quotient map induced by ∂ : ∂(x + ∂C p,p ) def = ∂x + ∂C q−1,p+1 for x ∈ C p,q ∋ ∂x = 0. Suppose also that C p,q = 0 for either p < 0 or q < 0. Then both filtrations are regular and exhaustive (see previous section): in fact F j=1,2 p C n = 0 for p > n (so s(n) = n). Therefore the cohomology formulas (A), (B) hold for collapse at r ≥ 0, r ≥ 1, respectively.
BRST cohomology. Let g be a finite dimensional Lie algebra over R. Let Λ n def = Λ n (g, R) be the space of n-cochains for the trivial representation π of g on A = R. Suppose we also have some other cochain complex C = {C n , d n } n∈Z . We assume in fact that each C n is a vector space over R and the d n : C n → C n+1 are linear maps over R. We assume also that the C n carry a representation π n : g → gl(C n ) of g such that the diagram
is commutative ∀x ∈ g; i.e. d n π n (x) = π n+1 (x)d n . For example, g could be the Lie algebra of a Lie group G which has a Hamiltonian action on a symplectic manifold (X, ω), and we could take C n = Λ n g ⊗ C ∞ (X), as in the classical BRST setting.
One constructs a double complex by setting C p,q def = C p ⊗ Λ q and by defining
where δ q : Λ q → Λ q+1 is the coboundary operator and 1 1 S is the identity operator on a space S. Already C p,q = 0 for q < 0 and in the example just presented C p,q = 0 for p < 0 which we need 15 -i.e. take C p = 0 for p < 0. Of the two spectral sequences generated by this double complex we focus only on the second one with
The main point in the classical BRST setting is the acyclicity of C: H n (C) = 0 for n ≥ 1, which allows for the collapse of the spectral sequence at r = 1. One computes that
(102) In particular we have collapse at r = 2 :
(2) E p,q 2 = 0 for q = 0. Therefore for the total complex C total def = p+q=n C p,q with BRST operator ∂ + ∂, we deduce from (A) that
Of interest is the zero-dimensional cohomology which one computes (using previous results) as
where that latter space of invariants make since as the commutative diagram (99) leads to a representation π n of g on the cohomology H n (C). The isomorphism H 0 (C total ) ≃ H 0 (C) q is classically the fact that invariant functions on a constraint manifold are described by BRST cohomology in degree zero [53] .
Relative cohomology. Suppose h is a subalgebra of the algebra g. If A is a g-module then denote by C q (g, h; A) the subspace of the space C q (g, A), consisting of cochains c, such that c(g 1 , . . . , g q ) = 0 for g 1 ∈ h, and dc(g 1 , . . . , g q+1 ) = 0 for g 1 ∈ h .
Equivalent definition: C q (g, h; A) = Hom h (Λ(g/h), A). Elements of the space C q (g, h; A) are called relative cochains. Since dC q (g, h; A) ⊂ C q+1 (g, h; A) the relative cochains constitute a subcomplex of the complex C
• (g, A). Denote this subcomplex by C • (g, h; A); it cohomology H q (g, h; A) is called a (relative) cohomology of the algebra g modulo h with coefficients in A. For the base field A we use the notation:
is trivial h-module and
Inv h A is the module over g/h of h-invariants. In this case the differentials in the complexes
The definition of relative homology is similar to the definition of relative cohomology. For the space C q (g, h; A) of relative chain we must take A ⊗ h Λ q (g/h).
9.3 The Hochschild-Serre spectral sequence Theorem 9.3 (The Hochschild-Serre spectral sequence (see [22] , Section 1.5)) Let A be a module over g. There exists a spectral sequence {E } with the following properties:
• If h is an ideal then E p,q
• The term E ∞ is associated to H * (g; A) = q H q (g; A).
• The natural homomorphisms
If A = A is an associative commutative algebra in which g acts by means of derivations then the spectral sequence is multiplicative.
Some clarifications of this statement have to be made. For the proof of the Theorem 9.3 it is convenient to let (g 1 , . . . , g p+q ) = 0 for g 1 , . . . , g p+q ∈ h}, (107)
. Therefore, {F p } is a filtration in the complex C
• (g; A). Since there is a map F p C p+q (g; A) → Hom(Λ p (g/h), A) (which in fact is an epimorphism with kernel F p+1 C p+q (g; A)), we get the following isomorphism
algebra over a base field F of characteristic zero. Let h ⊂ g be asubalgebra which is reductive in g -i.e. the adjoint action of g on h is semisimple. Let A be a g-module (i.e. we have a representation π : g → gl(A) of g on A; one writes, as usual, x · v for the module structure, meaning π(x)v, for (x, v) ∈ g × A). A might be infinite-dimensional but we assume that A = r ⊕A r is a direct sum, where each A r ⊂ A is finite-dimensional, h-invariant, and h-semisimple.
Theorem 9.4
The first-and second-order terms of the Hochschild-Serre spectral sequence generated by h are given by
The spectral sequence (derived from the filtration of the external algebra) degenerates at the first term, which prooves that the Weyl DG-algebra is acyclic.
The relative Weyl algebra. Let g be a Lie algebra, h ⊂ g a finite dimensional subalgebra. The relative Weyl algebra is the commutative DG-algebra
is an element of relative Weyl algebra which satisfies the following conditions:
(g, g) = 0 and this complex coincides with its cohomology. The standard filtration on all Weyl algebra transfers to a relative Weyl subalgebra. In addition the spectral sequence has the following initial terms:
The spectral sequence (derived from the filtration of the exterior algebra) degenerates at the first term, and its total cohomologies are: For every open set U ⊂ X one can associate an abelian group F (U).
If A ⊂ U are open sets then one has a restriction homomorphism r U A : F (U) → F (A).
The following conditions hold: F (∅) = 0; r U U is the identity map; if W ⊂ A ⊂ U then r AW r U A = r U W . For the restriction r U A (R), R ∈ F (U) we use the notation R| A . An element of F (U) is called a section of F over U, while an element of F (X) is called a global section.
A sheaf. A presheaf F is called sheaf if for every collection U j of open subsets of X with U = j∈I U j the following axioms hold:
-If R, Q ∈ F (U) and r U U j (R) = r U U j (Q) ∀ j, then R = Q.
-If R j ∈ F (U j ) and if for U j U j = ∅, r U j ,U j U ℓ (R j ) = r U ℓ ,U j U ℓ (R ℓ ) ∀j, then there exists an R ∈ F (U) such that r U,U j (R) = R j , ∀j.
Let F and E be presheaves over X. Then a morphism of presheaves α : F → E is a collection of maps α(U) : F (U) → E(U), satisfying the relation r U A α(U) = α(A)r U A . Morphisms of sheaves are morphisms of the underlying presheaves.
Coherent sheaves. Let X be a complex manifold. A sheaf F over X is called a coherent sheaf of O-modules if for each z ∈ X there is a neighborhood U of z such that there is an exact sequence of sheaves over U: Additive category. An additive category is a category in which each set of morphisms Hom(A, B) has the structure of an abelian group. The following axioms hold:
-Composition of morphisms is distributive: (g 1 + g 2 )f = g 1 f + g 2 f , h(g 1 + g 2 ) = hg 1 + hg 2 for any g 1 , g 2 : B → C , f : A → B , h : C → D.
-There is a null object 0 such that Hom(A; 0) and Hom(0; A) consist of one morphism for any A.
-To each pair of objects A 1 and A 2 there exists an object B and four morphisms A 1 
Appendix C: The HKR isomorphism
Let ∆ : X → X 2 be the diagonal embedding. There exists a quasi-isomorphism [37, 38, 39, 40] :
Here the right hand side denotes the complex whose i-th term is Ω i X , and all differentials are zero.
A sketch of a proof of this statement is as follows. Recall that if A is a commutative Kalgebra there exists a standard resolution of A as an A e = A ⊗ K A-module. These are A bimodules with the bimodule structure given by the multiplication by A on the left and right copies of A. It is clear that these are projective bimodules. We can denote an element of A ⊗n as [a 1 |a 2 | . . . |a n ]. Let B i (A) = A ⊗(i+2) , i ≥ 0, where the tensor product is taken over K (it is an A e -module by multiplication in the first and last factor). Then the bar resolution is defined to be the complex of 
Here the differential ∂ is the linear A e -morphism given by the formula
The complex (122) is split-exact with splitting homomorphism σ(a 0 ⊗ · · · a q+1 ) = a 0 ⊗ · · · a q+1 ⊗ 1 1. The homomorphism σ is A-linear when A acts via a → a ⊗ 1 1 [41] .
If X were affine then X = Spec A and we could use the above resolution to compute ∆ * O ∆ . Namely, A can be viewed as an A e = O X 2 -module, and the modules B i are A e -flat. The complex obtained by tensoring the bar resolution over A e with A is called the bar complex,
where C i (A) is the module of any degree i Hochschild chains of A, and the differential is obtained from the differential ∂ of (122). However when one tries to sheafify the bar resolution to obtain a complex of sheaves on a scheme, the resulting sheaves are ill-behaved (not quasi-coherent). As a replacement, one can use the complete bar resolution [40] .
For i ≥ 0, let X i be the formal completion of the scheme X i = X × · · · × X along the diagonal embedding of X. Define for any i ≥ 0, B i (X) := O X i+2 (which is a sheaf of abelian groups on the topological space X). The sheaf of degree i complete Hochschild chains of X is C i := B i (X) ⊗ O X 2 O X . One can formally complete and sheafify the original bar resolution to get the complete bar resolution -The connection between Hochshild and harmonic structures is given by the HKR isomorphism.
